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Given the intersecting curves, the mathematical manipulation and description 
of continued fractions becomes a feature with which Botany has nothing to do, 
nor is it at all helpful in any direction. Such expressions may attract the mathe- 
matician, but they repel the botanist. 
E. H. Hayes and -4. H. Church [3, p. 3441 
According to the theory I am u-orking on now there is a continuous advance 
from one pair of parastichy numbers to another, during the growth of a single 
plant . . You will be inclined to ask how one can move continuously from one 
integer to another. The reason is this-on any specimen there are different 
ways in which the parastichy numbers can be reckoned; some are more natural 
than others. During the growth of a plant the various parastichy numbers come 
into prominence at different stages. One can also observe the phenomenon in 
space (instead of in time) on a sunflower. It is natural to count the outermost 
florets as say 21 + 34, but the inner ones might be counted as 8 $ 13. Church 
is hopelessly confused about it all, and I don’t know any really satisfactory 
account, though I hope to get one myself in about a year’s time. 
-4. M. Turing (1912-1954) 
(from a letter of 28th May, 19.53) 
Looking at an ordinary pineapple, we see its more-or-less hexagonal cells 
arranged in helical rows: 5 rows sloping gently up to the right, 8 sloping 
somewhat more steeply up to the left, and 5 + 8 = 13 sloping still more 
steeply up to the right. Regarding the centers of the cells as points evenly 
spaced along helices drawn on a vertical cylinder, we can imagine what would 
happen if the cylinder were gradually stretched so as to increase the slope 
of the helices. Eventually the 13 rows would become less conspicuous; but 
8 - 5 = 3 new rows, sloping up to the left, would become more conspicuous. 
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(Such a simple arrangement may be observed on the cones of pine trees.) 
Further stretching would obscure the 8 rows and reveal 5 ~- 3 := 2 new 
rows sloping up to the right. (Leaves on a twig often have their bases arranged 
thus, giving rise to the termplzyllotaxis, meaning “leaf arrangement”.) Finally, 
the 5 rows would be superseded by just 1 row sloping up to the left, so as 
to exhibit the points as belonging to a single left-handed helix on which they 
can be numbered 0, 1, 2,... . Alternate points form a “double helix” (more 
symmetrical than the one in DNA) which consists of two right-handed 
helices of equal pitch, one containing all the even points and the other all 
the odd points. 
Such a description of phyllotaxis was made in 1837 by L. and A. Bravais 
[2, p. 451, who saw that there is some connection with both terminating and 
nonterminating continued fractions. P. G. Tait [8, p. 3941 used onlv 
the connection with terminating continued fractions. More recently, 
A. 51. Turing suggested that, by reversing the gradual process described 
above, and thus making the girth of the cvlinder increase faster than its 
length, we may begin to understand how a growing plant develops. 
In their mathematical idealization of the botanical problem, I,. and A. Bra- 
vais considered an infinitely tall cylinder of girth I with a two-dimensional 
lattice wrapped round it consistently, so that lattice points fall on lattice 
points (as when wallpaper is well placed on a \vall). When the cylinder is 
rolled along a plane, any one generator yields a family of parallel lines, sav 
the lines x : 0, x : 1, .2: mm= 2,... The whole cylinder is mapped once on the 
strip 0 :g ,X ~1 1, again on the strip 1 _- .P -< 2, and so on. Taking (0, 0) and 
(1, 0) to be two lattice points that coincide on the cylinder, and choosing 
suitable numbers z and ,V, \ve may take the lattice to consist of the points 
(.Y, y), \vliere 
with S and I’ running independentlv over the integers. \Vhen *\: = 0 we 
have a row of lattice points, one on each of the parallel lines s ==~ -I’ and 
all representing a single point 0 on the cylinder. Similarly, each value of Y 
yields a one-dimensional sublattice representing a point X on the cylinder. 
In other words, by reducing x modulo 1, we represent the cylinder isometri- 
cally on the strip 0 -< x < I. The Xth point is 
where (c&) means the fractional part of aX, that is, aX - [WY]. ‘Turing’s 
proposal for growth amounts to a gradual increase of the number N. Tait’s 
“divergence” [8, p. 3931 is our oi or 1 - 01 according as a: < $ or iy. > 2. 
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If A/B is a “good” rational approximation to the number CY, LYB is nearly iz 
and the Bth lattice point is 
according as olB - .4 is positive or negative. (The distinction disappears 
when we work on the cylinder.) 
Proceeding up the cylinder along the generator x = 0 or x = 1, we pass 
close to this lattice point B, which is accordingly called a neighboring lattice 
point. This notion, depending on the meaning of the word “good”, will be 
made precise later. 
After consulting their botanical colleagues, the Bravais’ concluded that the 
vast majority of plants follow such a scheme with a: := Y-, where 7 is the “golden 
section” number 
1 + I,‘1 A- I;1 + ‘.’ = @\/5 -t I) -I 1.6180339887..., 
whose convergents f,,Jfv come from the Fibonacci sequence 
fi --= &? .= 1 ) f3=2, f4-3, fj-5, f6-8, .f, -= 13 )...) 
f”.,.l my fv + f”L 
[9, pp. 70-73; 4, p. 1691. (Although some authors use other letters to denote 
this number, 7 is most appropriate because it is the initial of 70~4, “section”.) 
Many attempts have been made to explain Nature’s apparent preference 
for the golden section. Would not any other irrational number 01 serve 
equally well ? Following Tait’s hint, we shall find that C- belongs to a relatively 
small family of irrational numbers that will serve equally well, namely, those 
numbers whose continued fractions are free from “intermediate convergents” 
[I, P. 871. 
In this attempt to reduce botany to mathematics, we look for qualitative 
hypotheses which are both biologically plausible and mathematically interest- 
ing. Accordingly, I propose the following three hypotheses (the first two of 
which ensure that the cylindrical lattice shall not be symmetrical by a pure 
rotation about the axis of the cylinder, or by a pure translation, but only 
by proper twists): 
(1) Each circular section of the cylinder contains at most one lattice 
point. (In the (z,y) plane, this means that there is no lattice point between 
(0, 0) and (I,@) 
(2) Each generator of the cylinder contains at most one lattice point. 
(That is, 01 is irrational.) 
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(3) When we proceed upwards along the vertical generator througli 
one lattice point, the neighboring Iatticc points arc alternately- on one side of 
it and the other side (like the points 
I, 3, 4, 7, II, IX, 29, 47, 76, . . 
in Fig. I). 
FIG. I. l’he phyllotaxis of a polypeptide chain. 
After developing the cylinder on the (s, y) plane, wc consider the “redun- 
dant” half-strip hounded by the lines .X =_ 0, y  == 0 and x = 2, with the 
lattice points I, 2, 3,... numbered in duplicate. The set of lattice points 
(x, y) with 0 < x < 2 and y  2 0 has a convex huil hounded by an infinite 
polygon whose vertices are lattice points while some of its sides may contain 
other lattice points as well. When we cut off the part of the half-strip to the 
right of the line x mm: 1 and translate this part two steps to the left, the line 
x ==- 0 becomes a common “asymptote” for two “half-polygons”, one on the 
left and one on the right, having no lattice points (except the origin) between 
them. In Fig. I, c1 z 5--r/+i and N 100; in Fig. 2, * v’\/z and N = 50. 
(These figures were drawn before I had seen Fig. 8 of Casimir de Candollc 
Pa, pp. 38, 631.) 
The vertices of these half-polygons (excluding 0) are appropriately called 
principal neighbors of the y-axis. It may sometimes happen that a side contains 
not only its two ends hut also one or more extra lattice points. I f  this is not 
the jrst side (going up from the point 0), we call such lattice points inter- 
mediate neighbors of the y-axis. 
I f  (a) lies between l/n + 1 and l/n, where n is an integer greater than I, 
the first side of the left half-polygon contains all the lattice points X ,g n, 
but only the vertex n is a “neighbor”; thus, although 1 is the first neighbor 
on the right, the first neighbor on the left is n. (In Fig. 1, n = 3; in Fig. 2, 
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FIG. 2. 4 false phyllotaxis with 01 = ~‘2. 
IZ ::= 2.) The same remark, with left and right interchanged, can be made 
when (a) lies between 1 - l/n and I - 1,‘n $ 1, that is, between 
l/l + l/n - 1 and I:‘1 + l/52. 
The above equations 
x=ax-Y, y  = X/N 
may be interpreted as a linear transformation leading to a figure in which 
X and I’ are Cartesian coordinates, so that the lattice becomes a simple 
square lattice and the line .y = 0 is transformed into the line 
whose slope is the given irrational number 01. Since we are using an affine 
transformation, the transformed half-polygons retain their property of 
approaching this line asymptotically from left and right. In fact, we thus 
obtain Klein’s geometric description of the good rational approximations to 
u [I, p. 86; 5, p. 112; 7, p. 591. (F’g 1 ure 3 is the new version of Fig. 2.) 
The lattice points (X, Y) may be visualized as the trees of an infinite 
orchard. A rope, tied to one tree (“the origin”), is pulled straight out between 
the trees and anchored infinitely far away. Then, the other end of the rope is 
untied from the original tree and pulled sideways, to left or right. Whichever 
way it is pulled, the rope presses against certain trees (B, rZ) and possibly 
touches other trees (B’, A’) lying exactly between two trees of the first kind. 
What Klein proved is that, when the slope cy of the rope Y -= aX is expressed 
as a simple (or “regular”) continued fraction 
a = b, + lib, + l/b, -f- ..., 
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FIG. 3. Klein’s geometvization of the continued fraction for &7. 
the various points (B, A), which are vertices of the transformed half-polygons, 
correspond to the principal convergents, given recursively by the formulae 
4, 60, B, == I, 24, L_ bob, + a, , B, = 6, , 
,A,, --- b,A,-, -1 il”& ) B, = b,B,-, -t B,-, (v > 1)s 
whereas any points (R’, -4’), being other lattice points on sides of the trans- 
formed half-polygons, correspond to the intermediate (or “auxiliary”) con- 
vergents 
[7, p. 551. The point (B:,,A:*,) is collinear with (B,-, , AY+) and (B, , A,), 
since 
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For instance, the continued fraction 
la = 1 + 112 + I,‘2 + l/2 + ..’ 
has principal convergents +, I, 3, 4-3, #+, . . . and intermediate convergents 
l-13 4 3+7 10 7+17 24 17 + 41 58 
w-3 2+5 =Tj 
-~ 
=~- 5+12 =i?’ 12 + 29 41 ““’ 
In Fig. 3, we see the point (3, 4) between (1, 1) and (5, 7), and (7, IO) 
between (2, 3) and (12, 17). Correspondingly, in Fig. 2, the intermediate 
neighbor 3 lies between the principal neighbors 1 and 5, 7 between 2 and 12, 
17 between 5 and 29. Disregarding the distinction between “principal” and 
“intermediate”, we find that the neighbors of the vertical generator x = 0 
arc, in order, 
1, 2, 3, 5, 7, 12, 17, 29, 41, .., . 
The first three of these lie alternately on the right and left of the line x = 0, 
in accordance with Hypothesis (3). But 5 is again on the right, 7 and 12 are 
both on the left, 17 and 29 both on the right, and so on. This violation of (3) 
shows that the irrational number dZ is not suitable for phyllotaxis. 
In general, the neighbor B or B’, corresponding to a convergent A/B or 
.-2’/B’, is the point 
( cuB B - A,- N Or 1 i aB’ B’ - A’, - N i . 
JVhen v  runs over the positive integers, the principal convergents A,/Bv are 
alternately greater and less than a [see 5, p. 871; therefore the abscissae 
o;B,. - A, are alternately negative and positive: the principal neighbors lie 
alternately left and right of the y-axis. The following remarks show that the 
occurrence of an intermediate neighbor always upsets this rhythmic alterna- 
tion. 
If  intermediate convergents A:,,/B:,, occur, the principal neighbor R, is 
preceded by 
B:,,,,-, = B, - B,-, 
and followed by B:+,,, =: B, + B,.,, . Thus, 
B:,, < B:,z < 1.. < B;,by-l < B, < B;,,,, . 
Of the corresponding lattice points, the first b, lie on one side of the y-axis 
(the same side as B,-,) while B:,,,, begins the analogous sequence of bvtl 
481/20/1-12 
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points on the other side. The partial quotients 6, serve for counting the neigh- 
bors: there are b, of them on the right followed by b:, on the left, b, on the 
right again, and so on. (This “obvious” remark was very nearly made by 
Perron [7, p. 561.) 
Hence, Hypothesis (3) requires b,, 1 for all values of v  except the first 
few. Rlorc precisely, if (CY) < & so that the row of collinear points 0, I ,..., II 
is on the left, 
but if (e) ;; -i, so that the row is on the right, 
‘I’he denominators B,, satisfy the same recurrence relation 
as the Fibonacci numbers (which occur when )z _ l), but the sequence 
begins with n and n $ I (or I and II ~;- I) instead of 1 and 1. As we have 
seen, the \-alue 
II 7 = 1 -j l/7, or o1 7-l .~~ , f 17 
(which yields the same Fibonacci denominators H,, 3’y, i), is appropriate 
for the pineapple and most other plants. The pineapple, like ourselves, is 
occasionally afflicted with situs inaersus [9, p. 301 , so that it is replaced by its 
reflected image. This means that a: is replaced by 1 - (Y, and 7 l by 
‘I’hc next possibility is 
01 = l/3 + l/r == 5m l’+ l ~- 0.2763932..., 
yielding the denominators 3,4, 7, I I, 18, 29,47, 76, . . . (see Fig. I). According 
to J,. and A. Bravais [2, p. 89; see also 3, p. 1981, this kind of phyllotaxis is 
observed in sedum re@um, dipsacus sylaestris, and the “cone de pin mari- 
time”. According to A. Frey-Wyssling [6], it is observed also in polypeptide 
chains. 
Finally, I wish to express my thanks to Hans Freudcnthal and Irving 
Adler for pointing out the inadequacy of some earlier accounts of phyllotaxis 
(including my own), to members of the Table Ronde Roussel on “Chirality 
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from mathematics to biology” (meeting in Paris, October 1970) for reviving 
my interest in the subject, and to my colleagues, John Chalk and Hans Heil- 
bronn, for their useful suggestions concerning the details of this essay. 
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